Abstract-Mathematical thinking involves mental operations that are facilitated by the learners' mathematics knowledge and their positive disposition towards mathematical problem solving. It improves problem solving process by adapting various heuristic strategies as well as monitoring and controlling their outcomes in meta-cognitive manner. Thus, it is vital to identify the mathematical thinking level of pre-university science graduates so that ultimately they are well-equipped with the authentic problem solving and thinking skills for their future academic development specifically and nation building generally. This paper presents a theoretical mathematical thinking assessment framework that integrates the measuring dimensions of mathematical thinking with its processes to achieve different mathematical thinking levels among pre-university Science students. The framework provides an overview on what and how to facilitate the development of the students' mathematical thinking level and problem-solving skills. It could be utilized to measure the preparedness of pre-university Science students for their tertiary mathematics education. Retrospectively, the framework could be leveraged to determine whether the aim of mathematics curriculum for secondary school in developing the students' mathematical thinking has been met. On top of it, the framework assists in identifying a pool of potential postsecondary students to embark on tertiary Science, Technology, Engineering and Mathematics education.
INTRODUCTION
The nation building of Malaysia is directly influenced by the vision 2020 initiative from former Prime Minister Tun Dr. Mahathir Mohamad when he tabled 6 th Malaysian Plan in 1991 [1] . In order to achieve a high-income nation in the year 2020, current government has implemented various economic corridors to attract capital and technology intensive investments in supporting the national key economic areas (NKEAs) set in Economic Transformation Programs (ETPs). As a result of that, the nation requires large pool of research scientists and engineers to make this new economic model sustainable. In relation to that, the government has initiated a target of 60:40 ratio for graduates from Science, Technology, Engineering and Mathematics (STEM) and non-STEM education so that a ratio of 72 research scientists and engineers for every 10,000 workforce is attainable in the year 2020 [2] . As a study on patterns and relationships among quantities, numbers and space, mathematics forms an important foundational content knowledge in tertiary STEM education [3] . On the other hand, pre-university science students become major pool of human capital to support this mission and vision of Malaysia's nation building. Thus, an initiative is needed to outline a framework to measure the level of mathematical thinking among pre-university Science students so that they are ultimately equipped with the authentic problem solving and thinking skills required for their future academic development.
II. PRE-UNIVERSITY SCIENCE STUDENTS
Pre-university science students consist of those who register for science stream of matriculation exam and Sijil Tinggi Persekolahan Malaysia (STPM) exam from government post-secondary educational institutions as well as A-level and Science Foundation exam offered by Private Higher Educational Institutions (PHEIs) in Malaysia. These students are the focus group of the research as they are a major pool of potential human resource to support tertiary STEM education in Malaysia. As the students are in the transition from post-secondary education to the tertiary education, their current stage of thinking and problem-solving skill shall be examined and assessed before they can better adapt to tertiary mathematics education. Ultimately, they are expected to be problem solvers that are able to think and provide the solutions to authentic, ill-defined and real-world problems for their future career development in 21 st century [4] .
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III. MATHEMATICAL THINKING Mathematical thinking is a dynamic process to foster success in mathematical problem solving. It involves a learner' mathematical knowledge base, problem solving strategies and their monitoring and control, beliefs and affects as well as practices on mathematics [5, 6, 7] that enable the learner to increase the complexity of mathematical ideas to handle and expand their understanding on them [8, 9] . On the other hand, mathematical thinking is perceived as the learner' cognitive ability to learn and make judgments independently and effectively on the mathematical content knowledge in relation to its problem solving and decision making [10] as well as abstraction and generalization [11] . In our research, mathematical thinking is defined as cognitive ability, skills and disposition of the learner to integrate the processes of mathematical problem solving with mathematics knowledge base towards obtaining the solutions to novel and real-life problems. It indicates the learner's intellectual growth in deep understanding of mathematical concepts and relations as well as their applications in the problem solving and decision making. Thus, science graduates with high mathematical thinking level are well-equipped with the competency in problem solving, independent and life-long learning. Ultimately, they play a significant role in the nation building towards vision in the year 2020. In fact, the student's mathematical thinking evolves and grows when he/she actively involves in its related processes over time.
IV. MATHEMATICAL THINKING PROCESSES
According to National Council of Teachers of mathematics (NCTM) standards, there are five fundamental mathematical processes, namely problem solving, connecting, reasoning and proving, representing and communicating [12] .
Problem solving is a core process in learning and practicing mathematics [6, 13] . When a problem is posed for further investigation, a plan is developed and then executed. It is subjected to modification if necessary and finally alternative solutions are proposed to the problem and their reasonableness is justified [14, 15] . In problem solving, it involves application of previously acquired knowledge in new scenarios and contexts. Thus, the learner is expected to consciously reflect on his/her own cognitive actions to assess the effectiveness of tools and strategies used in investigating mathematical ideas and solving problems [12, 13] .
In order to initiate solutions to the problem investigated, establishing connection among mathematical concepts and procedures as well as relate them to situations or phenomena in the real-life contexts is vital to make mathematics sensing, useful, meaningful and relevant [6, 12, 13] . Thus, connecting process results in better mathematical conceptualization in the context of problem solving to reach greater generalization and embrace a wider set of mathematical applications [6, 16] .
Reasoning and proving are rudimentary aspects of mathematics to have deep understanding and further extension to mathematical ideas, concepts and problem solving. This process involves initiation, investigation and argument of mathematical conjectures via contextualized problem solving tasks undertaken before they are tested and related mathematical relationship and generalization are ultimately established [12, 13, 17] . As a result of it, learner is able to make sense of mathematics [6] and improve his/her capability to construct and evaluate mathematical arguments [18] .
Representing is a process on how to create and use systematic and organized representation of numbers, symbols, pictures, graphs, diagrams and words in expressing mathematical ideas and solutions [13] as well as connect and compare these representations to model and interpret physical, social and mathematical phenomena [12] . In this process, the learner is expected to apply appropriate representation and flexibly change one to others in representing the outcomes of mathematical problem modeling and solving [18] .
Lastly, the mathematical ideas, solutions and arguments shall be precisely, coherently and clearly communicated in oral, visual and written forms using mathematical language [12, 13] . On the other hand, communicating process facilitates the learner to evaluate and clarify others mathematical ideas and arguments in order to extend them further [18] .
The development of mathematical thinking evolves from its processes. By focusing on these processes, learners are empowered to extend their level of mathematical thinking further [18] .
V. MATHEMATICAL THINKING LEVELS
Based on the theories of Three Worlds of Mathematics [19] and Levels of Mathematics [20] , mathematical thinking is classified into three inter-related levels, namely how to do mathematics, how to proceptualize (implementing procedure and conceptualizing) mathematics and how to synthesize mathematics.
In doing mathematics, learner knows what he/she can do with the mathematical knowledge acquired and applies it in appropriate circumstances and contexts [6] . It requires comprehension of mathematical content knowledge based on fundamental intuitions that are widely shared and usage of rudimentary arithmetic [20] . At this stage of mathematical thinking, mathematical concepts are perceived and thought as categorization and construction of knowledge structures that link to real-world objects via learner's sensory experience [21] . These mathematical concepts are internalized as enactive and iconic representations in the learner's mathematics knowledge base [22] . The learner's mathematical thinking is demonstrated and manifested by his/her mathematical knowledge base, heuristic strategies used to formulate, represent and solve mathematical problems,
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and when to use these strategies effectively, practices to enforce his/her knowledge base and heuristic strategies as well as beliefs in self-efficacy and viewing doing mathematics is sensible, useful and worthwhile [6] .
In proceptualing mathematics, mathematical concepts are encapsulated using symbolism of mathematical language. These algorithmic and symbolic representations act as processes to do and concepts to be evaluated [19, 23] . They are manipulated and presented via familiar examples and analogies using informal mathematics that makes up our daily cognition including imagery, natural language, and metaphors [29] .
Synthesizing mathematics involve formal-axiomatic view of mathematic thinking [19] . Axioms are formulated to define mathematical knowledge structure in term of its specified properties. Properties are then deduced by formal proof to build a sequence of theorems. On the other hand, new concepts can be defined and their properties are deduced to build a new coherent and logical deduced theory [19] . In the perspective of advanced mathematical thinking, learner develops his/her thinking on overcoming an epistemological obstacle to produce responses that are valid within a particular context but invalid responses outside the context [24, 25] . This level of mathematical thinking involves rigorous proofing, high-order abstraction, reasoning and generalization using formal mathematics language [20] .
In the transition of mathematical thinking toward higher level, sometimes earlier mathematical ideas need to be reconsidered and reconstructed as cognitive conflicts occur [24, 25] . Thus, huge amount of resources, cognitive and metacognitive skills as well as self-motivation and self-efficacy are required in carrying out this transition [20] .
VI. MEASURING DIMENSIONS OF PRE-UNIVERSITY SCIENCE STUDENTS' MATHEMATICAL THINKING
As pre-university science students' mathematical thinking embeds with its processes over three different levels, its measuring dimensions include the students' mathematical knowledge base, mathematical thinking skill set, effective use of mathematical strategies, tools and techniques (heuristics), meta-cognition on mathematical knowledge base and heuristics used as well as disposition towards mathematical problem solving [26] .
Mathematical knowledge base is determined by the curriculum of the pre-university mathematics education. It comprises definitions, concepts, algorithmic and symbolic abstraction and manipulation as well as proving and applications of mathematical knowledge domain in number, set, coordinate geometry, linear algebra, calculus, probability and statistics.
In order to accomplish the learning outcomes of preuniversity mathematics, a set of thinking skills shall be acquired and assessed. It enables the related mathematical concepts to be represented, manipulated and proved in three worlds of mathematics [21] . The thinking skill set consists of enactive thinking, iconic thinking, algorithmic thinking, algebraic thinking, formal thinking and axiomatic thinking [27] . In the context of mathematical problem solving, the physical real-world embodied objects recognized in the problem are modeled (enactive thinking) and internalized as visual-spatial imagery (iconic thinking). The mathematical model constructed is then represented by a set of symbolic objects that can be further analyzed via procedural computations (algorithmic thinking) and algebraic manipulations (algebraic thinking). Occasionally, new objects with their properties have been identified and defined (formal thinking) and these properties are further deduced into a sequence of related theorems (axiomatic thinking).
Various strategies, tools and techniques could be utilized in mathematical problem solving [28] . However, they shall be utilized in the right context to precisely, effectively and efficiently represent, analyze and solve the real-life problems. In order to achieve that, the learner shall consciously reflect on the related knowledge base acquired and the heuristics applied as well as has productive disposition towards mathematical problem solving [26] .
VII. PRE-UNIVERSITY MATHEMATICAL THINKING ASSESSMENT FRAMEWORK
Pre-university students' mathematical thinking is evaluated based on a set of real-life problems in the domain of mathematical knowledge base in the pre-university mathematics curriculum. As shown in figure 1 , the students are required to incorporate five standard mathematical processes over the three levels of mathematical thinking to obtain the alternative solutions and their justifications to each of the problems given. These outcomes of the problem solving are assessed based on mathematical thinking skill set involved, the effective usage of problem solving tools and strategies, reflection (meta-cognition) on mathematical knowledge base and heuristics used as well as productive disposition indicated in the problem solving process.
VIII. CONCLUSION
The proposed pre-university students' mathematical thinking assessment framework provides an overview on what and how to facilitate the development of the students' mathematical thinking level and problem-solving skills. It could be utilized to measure the preparedness of pre-university Science students for their tertiary mathematics education. Retrospectively, the framework could be leveraged to determine whether the aim of mathematics curriculum for secondary school in developing the students' mathematical thinking has been met. On top of it, the framework assists in identifying a pool of potential post-secondary students to embark on tertiary Science, Technology, Engineering and Mathematics (STEM) education. Fig. 1 . Proposed pre-university mathematical thinking assessment
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